Abstract. Suppose that an infinite graph G of bounded degree has finite number of ends, each of which is p-regular, where 1 < p < ∞. Then we can identify all the positive (bounded, respectively) p-harmonic functions on G.
Introduction
In this paper, we study the Liouville type property on a graph. By the Liouville property on a graph G, we mean that every bounded harmonic function on G is constant. It immediately follows that the set of all bounded harmonic functions on G having Liouville property is in one to one correspondence with the real line R. It seems natural to regard the case that the set of all bounded harmonic functions on G is in one to one correspondence with R l for some positive integer l as a generalized version of the Liouville property. In line with this view point, we consider the case of the p-Laplacian operator (1 < p < ∞) and the positive (bounded, respectively) p-harmonic functions on graphs of bounded degree. In the case that a graph G has a finite number of ends, each of which is p-regular, we identify all the positive (bounded, respectively) p-harmonic functions on G in section 4.
On the other hand, Kanai [5] proved that if G and H are roughly isometric graphs of bounded degree, then H is parabolic whenever G is. In [9] , Soardi proved that if G and H are roughly isometric graphs of bounded degree, and if G has no nonconstant harmonic functions with finite energy, then neither has H. Later, the second author [8] proved that the dimension of the space of harmonic functions with finite energy is preserved under rough isometries between graphs of bounded degree. In this paper, we also discuss its rough isometric invariance in section 3 and extend our result to graphs being rough isometric to those satisfying some analytic properties in section 4.
Preliminaries
In this section we introduce briefly some notions and results related to the discrete potential theory. We refer to [3] for a more detailed results. Let G = (V, E) be an infinite graph with no self-loops, where V and E denote the set of vertices and the set of edges of G, respectively. If vertices x and y are the endpoints of the same edge, we say that x and y are neighbors to each other and write y ∈ N x and x ∈ N y . A sequence
Then for any x, y ∈ V , we define a distance function d(x, y) to be the minimum of the lengths of paths from x to y. It is easy to check that d defines a metric on G.
In particular, we say that a subset H of V is connected if for any x, y ∈ H, there is a path x = (x 0 , x 1 , · · · , x l ) in H such that x 0 = x and x l = y. Through this paper, we assume that each graph G is connected and has bounded degree, that is, sup x∈V |N x | < ∞, where V and |A| denote the set of vertices of G and the cardinality of the set A, respectively. Through this section, V stands for the vertex set of an infinite connected graph G of bounded degree.
Given any U ⊂ V , the outer boundary ∂U and the inner boundary δU of U are defined by ∂U = {x ∈ V : d(x, U ) = 1} and δU
. Through this paper, we also assume that 1 < p < ∞. Definition 2.1. Let U be a finite subset of V with ∂U = ∅. Let u be a real valued function on U ∪ ∂U. We say that u is p-harmonic on U , if u is a minimizer of the p-energy, that is, 
This implies that, by the Hölder inequality,
Hence we have the conclusion.
From Proposition 2.2, we have an equivalent definition of the p-harmonicity:
( ≥ 0, ≤ 0, respectively) for any finitely supported (nonnegative, respectively) real valued function w on U ∪ ∂U such that w = 0 on ∂U.
Proposition 2.4 (Local Harnack Inequality). Let U be a subset of V and u be a nonnegative p-superharmonic function on U . Then for each x ∈ U, we have
Proof. By adding some constant, we may assume that u > 0 on U . Further replacing u with u/u(x) allows us to assume that u(x) = 1. Let u(y 0 ) = max y∈Nx u(y) for some y 0 ∈ N x . Choose a real valued function w on G such that w(x) = 1 and w(y) = 0 for all y ∈ G \ {x}. Then we have
where Proof. Suppose that u attains its maximum at a point x 0 ∈ U . Choose a real valued function w on G such that w(x 0 ) = 1 and w(y) = 0 for all y ∈ G \ {x 0 }. Then from the p-subharmonicity of u, we have
By the maximality of u at
p-regular ends and rough isometric invariants
Let o be a fixed vertex in a graph G. For each l ∈ N, we denote by (l) the number of unbounded components of G \ N l (o). If lim l→∞ (l) = k, then we say that the number of ends of G is k. If k is finite, then we can choose an integer l 0 such that (l) = k for all l ≥ l 0 . In this case, there exist mutually disjoint unbounded components
By using the standard Moser iteration, Holopainen and Soardi [4] pointed out that the Harnack inequality for nonnegative p-harmonic functions holds on each ball satisfying the volume doubling condition and the Poincaré inequality. Following their program, one can prove that the Harnack inequality on each ball at infinity of ends for nonnegative p-harmonic functions holds if each end satisfies the following conditions: Let E be an end of G and L be a sufficiently large integer.
(P ) There exist a constant C < ∞ and an integer n such that for any point
. In order to obtain the Harnack inequality at infinity for nonnegative p-harmonic functions, we need the uniform connectedness at infinity of each end as follows:
(F C) For a given integer n, there exist an integer m = m(n) and points
From the finite covering condition (F C) together with (V D) and (P ), we get the following: 
Example. Here we give some examples of graphs that satisfy conditions (V D), (P ), and (F C). there exist constants a ≥ 1 and b ≥ 0 such that
for all x 1 , x 2 ∈ X, where d denotes the distances of X and Y induced from their metrics, respectively.
From now on, τ, a and b always mean those which appear in (R). Especially, being roughly isometric is an equivalence relation (See [5] ). The conditions (V D), (P ), and (F C) slightly modified are rough isometric invariants. It has to be emphasized that these modified conditions still validate the Harnack inequality at infinity for nonnegative p-harmonic functions.
Following the arguments of the authors [7] , we have:
induces a rough isometry between ends in such a way that for each
We say that an end E of G is p-nonparabolic if for some l 1 ≥ l 0 , there exists a real valued function u E , called a p-harmonic measure, on
Following the programs in [1] , [5] , and [7] , one can prove the rough isometric invariance of each of the p-parabolicity, (V D), (P ), and (F C) as follows: 
(
iii) If D satisfies the condition (P ), then there exist a constant C < ∞ and an integerñ such that for any point x ∈ ∂N L (o) ∩ E, any integer 0 < l < L/2ñ and any real valued function f on Nñ
l (x), 1 |N l (x)| y∈N l (x) |f (y) − f | ≤ Cl   1 |Nñ l (x)| y∈Nñ l (x) |Df | p (y)   1/p , where f = |N l (x)| −1 y∈N l (x) f (
y). (iv) If D satisfies the condition (F C), then there exist a sequence {H L } of finite subsets of E and positive integersm,ñ such that each H L divides E into a bounded subset and the unbounded component of E
\ H L , d(o, H L ) → ∞ as L → ∞ andH L ⊂m i=1 N l (ϕ(x i )), where m i=1 N l (ϕ(x i )
) is connected and l is the largest integer such that l ≤ L/ñ.
Combining Theorem 3.1 and Lemma 3.3, we get the following theorem:
. Let D be an end of a graph G satisfying the conditions (V D), (P ), and (F C). Let E be an end of a graph H being roughly isometric to D. Then there exist a constant C < ∞ such that for any nonnegative p-harmonic function f on E and any sufficiently large integer L,
where the set H L is given in (iv) of Lemma 3.3.
Definition 3.5. We say that an end E of a graph G is p-regular if there exist a sequence {H L } of finite subsets of E and a constant C < ∞ such that for any nonnegative p-harmonic function f on E, 
Proof of main results
A p-parabolic end can be characterized by the following property: If we further assume that G has at least one p-nonparabolic end, by the strong maximum principle, one can construct a nonnegative p-harmonic function h e on G in such a way that lim x→∞, x∈e h e (x) = ∞, lim x→∞, x∈E h e (x) = 0 for any p-nonparabolic end E, and 0 ≤ h e ≤ c < ∞ on G \ e. From now on, each end of G is assumed to be p-regular unless specified otherwise.
Theorem 4.3. Let G be an infinite graph with p-regular p-nonpara-
Furthermore, such a function f has finite p-energy, that is,
In particular, if a bounded p-harmonic function f on G is asymptotically zero on each p-nonparabolic end E i , that is, every value a i in equation (4.2) equals zero, then f is identically zero.
Proof. Without loss of generality, we may assume that 0 < a 1 
Hence by the comparison principle, we have
By Ascoli's theorem, there exists a subsequence, denoted again by {f l }, converging uniformly on any finite subset of G. The limit function f = lim l→∞ f l is also p-harmonic on G such that
Therefore, we get (4.2).
Since the subsequence {f l } converges uniformly on any finite subset, by the minimizing property of p-harmonic functions, we have
Applying this argument to other ends, we get (4. We are ready to prove the existence theorem for positive p-harmonic functions. This result directly generalizes that of Holopainen [2] . 
Proof. Assume that t ≥ 1. Then as mentioned before, we can choose a nonnegative p-harmonic function h j on G for each j = 1, 2, · · · , t in such a way that lim x→∞,
By Ascoli's theorem, there exists a subsequence, denoted again by {f l }, converging uniformly on any finite subset of G. The limit function f = lim l→∞ f l is a nonnegative p-harmonic on G such that a i u E i ≤ f ≤ a i (2 − u E i ) on E i for each i = 1, 2, · · · , l, h j ≤ f ≤ h j + a l on e j for each j = 1, 2, · · · , t. Hence we get 
